




















SUPER TOEPLITZ OPERATORS ON LINE BUNDLES
ROBERT BERMAN
Abstrat. Let Lk be a high power of a hermitian holomorphi line
bundle over a omplex manifold X. Given a dierential form f on X,
we dene a super Toeplitz operator Tf ating on the spae of har-
moni (0, q)-forms with values in Lk, with symbol f. The asymptoti
distribution of its eigenvalues, when k tends to innity, is obtained
in terms of the symbol of the operator and the urvature of the line
bundle L, given ertain onditions on the urvature. For example,
already when q = 0, i.e. the ase of holomorphi setions, this gen-
eralizes a result of Boutet de Monvel and Guillemin to semi-positive
line bundles. The asympotis are obtained from the asymptotis of
the Bergman kernels of the orresponding harmoni spaes. Appli-
ations to sampling are also given.
1. Introdution
Let (X,ω) be an n−dimensional ompat hermitian manifold and let
L be a hermitian holomorphi line bundle over X. The ber metri on
L will be denoted by φ. It an be thought of as a olletion of loal
funtions: let s be a loal holomorphi trivializing setion of L, then
loally, |s(z)|2φ = e−φ(z) and the anonial urvature two-form of L is ∂∂φ.
Denote by X(q) be the subset of X where the urvature two-form of L
is non-degenerate and has exatly q negative eigenvalues. The notation
ηp := η
p/p! will be used in the sequel, so that the volume form on X may
be written as ωn.
The spaes H0(X,Lk), onsisting of global holomorphi setions with
values in high powers of L, appear naturally in omplex and algebrai ge-
ometry, as well as in mathematial physis. In many appliaions the line
bundle L is positive i.e. its urvature two-form is positive and the asymp-
toti properties of the sequene of Hilbert spaes H0(X,Lk) have been
studied thorougly in this ase. For example the asymptoti behaviour of
the orresponding Bergman kernels is known and an be used to study
asymptoti properties of Toeplitz operators ating on H0(X,Lk) as well
as asymptoti onditions on the density of the distribution of sampling
points on the manifold X (see [2℄ for a reent survey from this point of
view). The aim of the present artile is to extend these results in two
diretions: to line bundles with weaker urvature properties than pos-
itivity, suh as semi-positivity (part 1) and to harmoni (0, q)− forms
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with values in Lk (part 2). To emphasize the analogy between holo-
morphi setions and harmoni forms, some rudiments of the theory of
super manifolds is realled. The super formalism also oers a ompat
notation.
In part 1, following [15℄ and [2℄, everything is redued to knowing the
leading asymptoti behaviour of the Bergman kernelK(x, y). The asymp-
totis, in turn, are obtained using a new and omparatively elementary
approah based on the method used in [1℄ to prove loal holomorphi
Morse inequalities. The main appliation is a generalization of a theo-
rem of Boutet de Monvel and Guillemin that expresses the asymptoti
distribution of the eigenvalues of a Toeplitz operator in terms of the sym-
bol of the operator [5℄, [13℄. When L is positive the assoiated dual dis
bundle over X is stritly pseudoonvex. One an then prot from the
knowledge of the Bergman kernel on a stritly pseudoonvex manifold
[6℄. However, when L is only semi-positive one would have to use the
orresponding result on a weakly pseudoonvex manifold, whih is not
available. In fat, a reent ounter example of Donnelly [11℄ to a onje-
ture due to Siu, shows that the tangential Cauhy-Riemann operator on
the boundary of the dual dis bundle does not have losed range. This
property is essential to the previous approahes to the asymptotis of the
Bergman kernel.
In part 2 the approah in part 1 is extended to study the Bergman ker-
nel of the spae of harmoni (0, q)− forms with values in Lk, onsidered
as a bundle valued form on X × X. The main appliation is a general-
ization of the theorem of Boutet de Monvel and Guillemin to Toeplitz
operators, whose symbol is a dierential form on X. These operators are
alled super Toeplitz operators and they are losely related to the oper-
ators introdued in [3℄ in the ontext of Berezin-Toeplitz quantization of
sympleti super manifolds.
It should be added that part one is just a speial ase of part two (when
q is equal to zero), exept for the appliations to sampling. However, it
has been inluded to motivate the more general disussion given in the
seond part.
Part 1. Holomorphi setions
Let (ψi) be an orthormal base for H
0(X,L). Denote by π1 and π2 the
projetions on the fators of X ×X. The Bergman kernel of the Hilbert





Hene, K(x, y) is a setion of the pulled bak line bundle π∗1(L)⊗ π∗2(L)
over X × X. For a xed point y we identify Ky(x) := K(x, y) with a
setion of the hermitian line bundle L ⊗ Ly, where Ly denotes the line
bundle over X, whose onstant ber is the ber of L over y, with the
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indued metri. The denition of K is made so that K satises the
following reproduing property
(1.1) α(y) = (α,Ky)
1
for any element α of H0(X,L), whih also shows that K is well-dened.
In other words K represents the orthogonal projetion onto H0(X,L) in
L2(X,L). The restrition of K to the diagonal is a setion of L⊗ L and





We will refer to B(x) as the Bergman funtion of H0(X,L). It has the
following extremal property:
(1.2) B(x) = sup |α(x)|2 ,
where the supremum is taken over all normalized elements α ofH0(X,L).
An element realizing the extremum, is alled an extremal at the point x
and is determined up to a omplex onstant of unit norm. In order to
estimate K(x, y) we will have great use for a more general identity. It
is just a reformulation of the fat that, by the reproduing property 1.1,
Kx/
√
B(x) may be identied with an extremal at the point x.
Proposition 1.1. Let α be an extremal at the point x. Then
|K(x, y)|2 = |α(y)|2B(x)
Proof. First x the point x and take a loal holomorphi trivialization
of L around x. Then we may identify K(x, y) with an element Kx of
H0(X,L). Now we may assume that ‖Kx‖ 6= 0 - it will be lear that
otherwise the statement is trivially true. By the reproduing property
1.1 of K the normalized element Kx/ ‖Kx‖ is an extremal of B at x.
Furthermore, the reproduing property 1.1 also shows that the squared
norm of Kx is given by (Kx, Kx) = Kx(x) = K(x, x). Hene
|α(y)|2 = |Kx(y)|2 /K(x, x),
for any other extremal α of B at x. Sine |K(x, y)|2 = |Kx(y)|2 e−φ(x) and
sine by denition K(x, x)e−φ(x) = B(x) this proves the proposition. 
Next, we will dene ertain operators on H0(X,L). Given a omplex-
valued bounded mesurable funtion f on X we dene Tf , the so alled
Toeplitz operator with symbol f, by
Tf := P ◦ f ·,
where f · denotes the usual multipliation operator on L2(X,L) and P is
the orthogonal projetion onto H0(X,L). Equivalently:
(1.3) (Tfα, β) = (fα, β),
1
We are abusing notation here: the salar produt (·, ·) on H0(X,L) determines a
pairing of Ky with any element of H
0(X,L), yielding an element of Ly.
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for all elements α and β of H0(X ;L). Note that the operator Tf is her-
mitian if f is real-valued.
When studying asymptoti properties of Lk, all objets introdued
above will be dened with respet to the line bundle Lk.
2. Asymptoti results for Bergman kernels and Toeplitz
operators.
Let us rst see how to prove the following upper bound on the Bergman
kernel funtion B(x) :





where we have identied the two-form i∂∂φ with an endomorphism, using
the metri ω, so that its determinant is well-dened. Integrating this
















whih is preisely Demailly's holomorphiMorse-inequalities for (0, q)−forms
when q = 0. In [1℄ the inequality 2.1 and it's generalization to harmoni
(0, q)− forms were alled loal holomorphi Morse-inequalties. As we will
see 2.1 follows from the submean property of holomorhi funtions and
a simple loalization argument. Fix a point x in X and hoose omplex
oordinates z and a holomorphi trivialization s of L around x, suh
the metri ω is Eulidean with respet to z at 0 and the ber metri
φ(z) = φ0(z) + O(|z|3), where φ0(z) =
∑n
i=1 λi |zi|2 and λi are the eigen
values of the urvature two-form ∂∂φ, with respet to the base metri ω,
at the point x. Aording to the extremal property 1.2 of B(x) we have
to estimate the pointwise norm of setion α at x in terms of the global
L2 norm. Let BRk be balls entered at x of radius Rk → 0. By rst
restriting the global norm to the ball BRk and than making the hange
of variables z = w√
k












where the holomorphi funtions fk represent αk in the loal frame. The
fator ρk omes from the base manifold metri and the terms of order
O(|z|3) in the ber metri on L. If we now hoose e.g. Rk = lnk√k then the
fator ρk → 1 and the saled radii
√
kRk → ∞ so that the integration
in the variable w is over all of Cn in the limit. Furthermore, sine |fk|2
is plurisubharmoni the quotient in the right hand side an be estimated
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wih tends to (1/π)nλ1λ2 · · · λn if all eigenvalues are positive and is
equal to zero in the limit otherwise. This proves the upper bound on
the Bergman kernel funtion 2.1. In fat, what we have proved is the










whih will be important in the proof of theorem 2.4.
It is well-known that 2.1 is atually an asymptoti equality when L
is positive on all of X. One an e.g. use Hörmander's elebrated L2
estimates to obtain the equality [16℄,[15℄, [2℄ (a omplete asymptoti ex-
pansion is obtained in [18℄, using miro loal analysis based on [6℄). But
these methods break down if the urvature of L is only semi-positive. On
the other hand Demailly proved, using his holomorphi Morse inequal-
itues, that 2.1 is an asymptoti equality under the more general ondition
that X(1) is empty. Combining Demailly's result with the upper bound
2.1 we obtain the following theorem:


















for any line bundle L. Moreover, if the urvature of the line bundle L is













To see this, note that the left hand side is the dimension of the spae
H0(X,Lk). In this form the statement was rst shown by Demailly in
[8℄. See also proposition 3.2 in the present paper. Finally the theorem
follows from the following simple lemma: 
Lemma 2.2. Assume that (X, µ) is a nite measure spae and that f and








fdµ, and (ii) lim sup fk ≤ f.
Then the sequene fk onverges to f in L
1(X, µ).











where χk is the harateristi funtion of the set where fk − f is non-
negative. The right hand side an be estimated by Fatou's lemma, whih











if the sequene gk is dominated by an L
1−funtion. Taking gk = χk(fk−
f) and using the assumption (ii), nishes the proof of the lemma. 
The weak onvergene of the previous theorem an be reformulated in
terms of Toeplitz operators:
Corollary 2.3. Suppose that X(1) is empty. Then for any bounded










Proof. From the denition 1.3 of a Toeplitz operator TrTf =
∑
i(fΨi,Ψi),
whih is equal to
∫
X
fBk(x)ωn. The orollary now follows from the L
1
onvergene in the previous theorem. 
We have seen how to obtain the leading asymptotis of B(x), the norm
of the Bergman kernel K on the diagonal.The main point of the present
paper is that the argument presented atually also shows that |K(x, y)|2
tends to zero o the diagonal to the leading order. The idea is that
ombining the upper bound 2.3 with the asymptotis for B(x), one sees
that any sequene of extremals αk at a given point x, beomes loalized
around x in the large k limit. Sine Kx(y) is essentually equal to αk(y),
this will show that K(x, y) loalizes to the diagonal when k tends to
innity. A similar argument has been used by Bouhe [4℄ to onstrut
holomorphi peak setions when L is positive.
Theorem 2.4. Suppose that X(1) is empty. Denote by ∆ the urrent of
integration on the diagonal in X ×X. Then
limk k
−n ∣∣Kk(x, y)∣∣2 ωn(x) ∧ ωn(y) = (2π)−n1X(0)∆ ∧ (i∂∂φ)n ,
as measures on X ×X, in the weak *-topology.
Proof. First note that the mass of the measures µk :=
∣∣Kk(x, y)∣∣2 /knωn(x)∧
ωn(y) are uniformly bounded in k: rst integrating over y and using the
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where we have used the bound 2.1.
Hene it is enough to prove the onvergene on X(0) ×X . Moreover
sine the mass of the measures µk is bounded, it is enough to show
that any subsequne of µk has another subsequene that onverges to
π−n1X(0)∆∧ (∂∂φ)n, in the weak*-topology. To simplify the notation the
rst subsequene will be indexed by k in the following.
Aording to theorem 2.1 and standard integration theory there is a
subsequene of k−nBk that onverges to π−n
∣∣detω( i2∂∂φ)x∣∣ almost every-
where on X(0). Fix a point x in X(0) where k−nBk(x) onverges. Take a
sequene of setions αk, where αk is a normalized extremal at the point
x. Then aording to proposition 1.1:
(2.4)
∣∣Kkx(y)∣∣2 = |αk(y)|2Bk(x)
We will now show that there is a subsequene of αk suh that
(2.5) lim
k
‖αk‖2BRk (x) = 1
where BRk(x) is a ball entered in x of radius k of radius Rk := lnk/
√
k
with respet to the normal oordinates around x used in setion 2.
Sine the global norm of αk is equal to one and the radii Rk tend to
zero, it follows that the funtion |αk(y)|2 on X onverges to the Dira
measure at x in the weak*-topology. From this onvergene we will be
able to dedue the statement of the theorem. To prove the laim 2.5 rst
observe that there is a subsequene of αk suh that at the point x :
π−n
∣∣∣∣detω( i2∂∂φ)x
∣∣∣∣ = limj k−nj ∣∣αkj(x)∣∣2
Indeed, sine αk is normalized 1.2 says that the right hand side is equal
to k−n times Bk(x), the Bergman funtion at the point x, whih in turn
tends to the left hand side aording to theorem 2.1 and by the assump-
tion on the point x.
Furthermore, sine αk is normalized the restrited norm ‖αk‖2BRk (x) is




∣∣αkj(x)∣∣2 / ∥∥αkj∥∥2BRkj (x) .
Aording to 2.3 this in turn may be estimated by
∣∣detω( i2∂∂φ)x∣∣ . All in
all this shows that
π−n
∣∣∣∣detω( i2∂∂φ)x
∣∣∣∣ = π−n limj
∣∣∣∣detω( i2∂∂φ)x
∣∣∣∣ / ∥∥αkj∥∥2BRkj (x)
Sine the left hand side is non-zero on X(0) this proves the laim 2.5.






∣∣Kkj (x, y)∣∣2 ωn(x) ∧ ωn(y).
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We may restrit the integration over the rst fator inX(0)×X to the set
of all x satisfying the assumption used above, sine the the omplement








Sine by 2.5 the funtion |αk(y)|2 onverges to the Dira measure at x in
the weak*-topology, the integral is equal to f(x, x) in the limit and the
rst fator is equal to π−n
∣∣detω( i2∂∂φ)x∣∣ in the limit (by theorem 2.1).





in the limit, whih nishes the proof of the theorem. 
As before the onvergene may be formulated in terms of Toeplitz
operators (a more general statement will be proved in part II (orollary
5.5)).
Corollary 2.5. Suppose that X(1) is empty. Then
limk k
−n
TrTfg = limk k
−n
TrTfTg .
We will now use the results on the asymptotis of the Bergman ker-
nel K to express asymptoti spetral properties of Toeplitz operators in
terms of their symbol. Denote by
N(Tf > γ)
the number of eigenvalues of Tf that are greater than the number γ
(ounted with multipliity). Furthermore, N(Tf < γ) is dened similarly.
Theorem 2.6. Suppose that X(1) is empty and that f is a real-valued




k−nN(Tf > γ) = (2π)−n
∫
{f>γ}⋂X(0)(i∂∂φ)n
and similarly for N(Tf < γ).
Proof. Given the asymptoti behaviour of K(x, y) in theorem 2.4, the
proof an be adapted word by word from [15℄,[2℄. But for ompleteness
we give a proof here, that slightly simplies the proof in [15℄. We rst
prove the statement when f is the haratersti funtion for a given set
Ω : f = 1Ω. Let us denote by TΩ the orresponding operator. We may
assume that 1 > γ > 0. By orollary 2.3 the right hand side of 2.6 is
then equal to the limit of k−nTr TΩ. Moreover, by orollary 2.5 this limit
in turn is equal to the limit of k−nTrT2Ω. We will now see that this an
happen only if limk k
−nN(TΩ > γ) = limk k−nTr TΩ, whih proves the
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statement with this speial hoie of f. Indeed, sine if we denote by τj





τj(1− τj) = 0,





















Now it is not hard to dedue that limk k






By omparing an arbitrary funtion f with a harateristi funtion




k−nN(Tf > γ) ≥ (2π)−n
∫
{f>γ}⋂X(0)(i∂∂φ)n.
First note that we may assume that f is non-negative by adding an ap-
propriate onstant to f. By the max-min priniple applied to the operator
Tf and by 1.3
N(Tf > γ) = max {dim V : (fα, α) > γ(α, α) ∀α ∈ V } ,
where V is a linear subspae of H0. Hene we have to nd a sequene of
subspaes Vk with





suh that for any normalized α in Vk (fα, α) > γ. To this end denote by
Ω the set where f > γ and denote by χ the orresponding harateristi
funtion. Sine we have already proved the theorem for harateristi
funtions, there is, for any given small positive ε, a sequene of subspaes
Vk with the orret dimension 2.8 suh that
(χα, α) > 1− ε
for all α in Vk, Sine by denition f > γχ it follows that
(fα, α) > γ(1− ε),
for all α in Vk. By symmetry this means that
lim inf
k
k−nN(Tf > γ) ≥ (2π)−n
∫
{f>γ+ε}⋂X(0)(i∂∂φ)n.
By letting ǫ tend to zero in the right hand side we obtain the desired
lower bound 2.7. If we now apply this result to the funtion −f we
obtain the following equivalent result:
(2.9) lim inf
k




Now note that for all exept ountably many numbers γ, the set {f = γ}
is of mesure zero with respet to the mesure (i∂∂φ)n on X. Indeed, the
funtion g(γ) =
∫
{f≤γ}⋂X(0)(i∂∂φ)n on the real line is inreasing and it is
well-known that an inreasing funtion is ontinous aept on a ountable
set. This fores the mesure of the set {f = γ} to be zero for all γ aept
those in the ountable set. Finally, sine the total number of eigen values
for any operator Tf is equal to the dimension of H
0(X,Lk), we get, when
k tends to innity, that the sum
lim
k
k−n(N(Tf > γ) + lim
k
k−nN(Tf ≤ γ)







for all γ suh that the mesure of the set {f = γ} is zero. Combing this
with the lower bounds 2.7 and 2.9, we see that we must have equality in
2.7, whih proves the theorem. 
The main appliation of the previous theorem is to show that there is
a large supply of holomorphi setions onentrated on any given set Ω
in X(0), in the following sene:
‖α‖2Ω ≥ (1− ε) ‖α‖2X
for any given positive (small) ǫ. To see this, denote by χ the harateristi
funtion of the set Ω, and note that if α is a linear ombination of eigen
setions of the Toeplitz operator Tχ then α will be onentrated on Ω, as
long as the eigenvalues are bounded from below by (1−ε). The number of
suh setions α is preisely the spetral ounting funtion N(Tχ ≥ 1−ε).






onsisting of onentrated setions, a result that will be useful when
studying sampling sequenes in the next setion.
The following equivalent formulation of theorem 2.6 an be obtained by
standard methods in spetral theory. It generalizes a theorem of Boutet
de Monvel and Guillemin [5℄, [13℄, valid when L is positive, to the ase
when X(1) is empty.
Theorem 2.7. Suppose that X(1) is empty. Let (τi) be the eigen values






where δτi is the Dira measure entered at τi. Then dξk tends, in the
weak*-topology, to the push forward of the measure 1X(0)(2π)
−n(i∂∂φ)n
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for any mesurable funtion a on the real line.
3. Sampling
Let Dk be a nite set of points in X. We say that the sequene of
sets Dk is sampling for the sequene of Hilbert spaes H
0(X,Lk) if there








for any element α in H0(X,Lk). The points in Dk will assumed to be
separated in the following sense: the distane between any two points in
Dk is bounded from below by a uniform onstant times k
−n. Consider





Beause of the separability assumption their mass is uniformly bounded
in k. Hene any subsequene has a subsequene that is weak *-onvergent.
Denote by dν suh a limit measure. It is natural to ask how dense the
sampling points should be, for large k, in order to be sampling. i.e.
we ask for asymptoti density onditions on the measure dν. The model
ase is sampling on latties for the Fok spae, i.e. X is taken to be Cn
with its standard Eulidean metri form ωand L is the line bundle with
onstant positive urvature −2iω. If the sequene Dk is a sequene of
latties generated over Z by k−1/2(a1, ..., a2n), where the ai are positive
numbers, then a neessary ondition for this sequene to be sampling is
that a1 · · ·a2n ≤ πn. In ([15℄, [2℄) this neessary ondition was generalized
to any positive line bundle. Namely, the limit measure has to satisfy
dν ≥ (2π)−n(i∂∂φ)n.
The next theorem shows that in order to sample H0(X,Lk) when X(1)
is empty, the sampling points have to satisfy the same neessary density
onditions in X(0) (the part of X where L is positive) as in the ase
when the urvature is positive everywhere on X.
Theorem 3.1. Assume that the sequene of sets Dk is sampling for the
sequene of Hilbert spaes H0(X,Lk). If X(1) is empty then the following
neessary ondition holds:
dν ≥ (2π)−n(i∂∂φ)n










for any smooth domain Ω ontained in X(0).
Proof. Given theorem 2.6 (applied to the harateristi funtion for a set
Ω) the proof an be given word by word as in [15℄, [2℄. For ompleteness
we give the argument. Suppose that the sequene Dk is sampling and
onsider a set Ω in X(0). As was explained as a omment to theorem 2.6,






onsisting of funtions satisfying the onentration property
(3.2) ‖α‖2Ω ≥ (1− ε) ‖α‖2X
(we x some small ǫ).Now the laim is that for any suh onentrated α









where Ωk onsist of all points with distane smaller than 1/
√
k to Ω.
Aepting this for a moment it is easy to see how the theorem follows.
First note that it is enough to prove the theorem with Ω replaed with the
larger set Ωk, sine the number of points in Dk
⋂
(Ωk−Ω) is of the order
o(kn). To get a ontradition we now assume that the number of points in
Dk
⋂






ondition 3.1 in the theoren does not hold). But then we an nd a
non-trivial element α onentrated on Ω and vanishing in all the points
in Dk
⋂




(i∂∂φ)n and by assumption there are suiently few linear
onditions to nd suh an α vanishing in all the points in Dk
⋂
Ωk. But
then 3.3 fores α to vanish on all of X, whih is a ontradition.
Finally, we just have to show how 3.3 follows. For any point x a simple
submean inequality gives as in the begining of setion 2:














|α(x)|2 ≤ C ‖α‖2Ωc ≤ ε,
where we have used the onentration property 3.2 in the last step.
Hene, we have proved 3.3, whih nishes the proof of the theorem. 
Part 2. Harmoni forms
The aim of the seond part of the paper is to generalize the results
in part one to ∂−harmoni (0, q)− forms with values in Lk. We denote
the orresponding spaes by Hq(X,Lk), whih by Hodge's theorem are
isomorphi to the Dolbeault ohomology groupsHq(X,Lk). The rst part
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was based on the observation 2.1 that there is always an asymptoti upper
bound on the Bergman kernel funtion Bk(x) of the spae of holomorphi
setions with values in Lk. Furthermore, if the line bundle L is suh
that X(1) is empty, then it was shown, using Demailly's strong Morse
inequalities, that the estimate is atually an asymptoti equality (at least
in the sense of L1−onvergene).
Let us reall the approah to Demailly's inequalities presented in [1℄.
First one shows that










for the spae Hq≤νk(X,Lk) spanned by all eigenforms of ∆∂ with eigenval-
ues bounded by νk, where νk = µkk and µk is a ertain sequene tending
to zero. We will refer to the elements of the previous spae as low-energy
forms. The dimension formula 3.4 is dedued from the following point-







The method of proof is a generalization of the argument used to prove
the upper bound on Bk(x) in setion 2 and will not be repeated here.
From 3.5 one immediately gets an upper bound on the Bergman kernel







(in [1℄ these bounds were alled loal holomorphi Morse inequalities).
However, the equality 3.5 aptures muh more of the asymptoti infor-
mation of the Dolbeault omplex as an be seen in the following way.
First observe that the omplex
(3.7)
(H∗µk(X,Lk), ∂) ,
onsisting of all eigenforms of ∆∂ with eigenvalue µk, forms a nite di-





∂ ommutes with ∆∂. Moreover, the omplex is exat in positive degrees
for non-zero µk. The Witten ∂−omplex is now dened as the diret sum
of all the omplexes 3.7 with eigenvalue µk less than νk. By the Hodge
theorem the inlusion of the Witten ∂−omplex(H∗≤νk(X,Lk), ∂) →֒ (Ω∗(X,Lk), ∂) ,
is a quasi-isomorphism, i.e. the ohomologies of the omplexes are iso-
morphi and 3.4 gives the dimension of the omponents of the Witten
∂−omplex. A homologial argument now yields Demailly's strong Morse
inequalities for the trunated Euler harateristis of the Dolbeault om-
plex [8℄.
The main point of this is approah to Demailly's inequalities is to
rst prove the Bergman kernel asymptotis 3.5 - the rest of the proof is
14 ROBERT BERMAN
more or less as Demailly's original proof, whih in turn was inspired by
Witten's analytial approah to the lassial real Morse inequalities [17℄.
Let us now turn to the study of harmoni (0, q)− forms for a xed q,
i.e. the spae Hq(X,Lk). As above this spae an be identied with the
ohomology groups at degree q of the Witten ∂−omplex:
(3.8)
∂ ∂
... → Hq−1≤νk(X,Lk) → Hq≤νk(X,Lk) → Hq+1≤νk(X,Lk) → ...
The natural ondition on the line bundle L that generalizes the ondition
that X(1) is empty, whih was used in the study of holomorphi setions
in part one, is that X(q − 1) and X(q + 1) both are empty.
Proposition 3.2. Suppose that X(q−1) and X(q+1) are empty. Then











Proof. Consider the orthogonal deomposition
Hq≤νk(X,Lk) = Hq(X,Lk)⊕Hq+(X,Lk),
whereHq+(X,Lk) denotes the eigenspaes orresponding to positive eigen-
values. Aording to the dimension formula 3.4 we just have to show that
the dimension of Hq+(X,Lk) is of order o(kn). Sine the operator ∂ + ∂∗
maps Hq+(X,Lk) injetively into Hq+1≤νk(X,Lk)⊕Hq−1≤νk(X,Lk) the propo-
sition now follows by applying the dimension formula 3.4 again. 
Combining the previous proposition with the upper bound on the








in L1(X,ωn), exatly as in the proof of theorem 2.4. When q is zero B
q
k(x)
is the pointwise norm of the restrition of the Bergman kernel K(x, y) to
the diagonal. For q positive, K(x, x) is (loally) a matrix and Bqk(x) is
its trae. But this means that there is now a larger gap between 3.9 and
the behaviour of K(x, y) - one would rather like to obtain generalizations
of theorem 2.4 to the matrix elements of K(x, y). To ahive this in an
invariant way it will be very onvenient to think of K(x, y) as a bundle
valued form onX×X. It will turn out thatK(x, y) is not only loalized on
the subset orresponding to X(q) of the diagonal in X×X, but all of the
ontribution to K(x, x) omes from a speial diretion. This is already
lear from Demaillys work. In [1℄ this fat was shown by reduing the
problem to a model ase in C
n
where it an be heked expliitely. In
order to treat K(x, y) as a form and to dene the speial diretion the
following formalism will be useful.
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3.1. The super integral and the dagger † (reversed omplex on-
jugation ). Consider rst a real m−dimensional manifold X. Let f be
a dierential form on X, i.e. f is an element of Ω∗(X,C). Then the super
integral of f is dened to be the usual integral of the top degree form of
f, i.e ∫
X




where we have deomposed the form f with respet to the degree grading
of Ω∗(X,C). It is often onvenient to think of the super integral of a form
as a double integral in the following way. Suppose that we are given a
volume element, that we write as ωm, on X. Fix a point x in X. Then












i.e. the usual integral over X of f0 with respet to the volume form ωn.








A word on the notation: In the mathematis litterature the integral 3.10
is alled the Berezin integral. In the physis litterature one often thinks
of a dierential form as a super funtion of m ommuting (bosoni)
variables xi and m anti-ommuting (fermioni) variables dxi. Taylor-
expanding the funtion f(x1, ..., xm, dx1, ..., dxm) in the anti-ommuting
variables yields the usual expression of a dierential form. This has been
formalized in the theory of super manifolds, where the super integral
orresponds to the integral of a funtion over the super manifold Xm|m,
that an be obtained from the manifold TX∗ by hanging the parity
along the bers [10℄,[7℄.
Now assume that X is an n-dimensional omplex manifold with a her-
mitian metri ω. Consider a (0, q)−form f on X. It is well-known that




f ∧ f ∧ ωn−q/(n− q)!,
in terms of the usual integral, where cn,q is omplex onstant needed to
make the right hand side real and positive. Using the super integral we







f ∧ f † ∧ eω′ ,
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where ω′ = −2iω and where the dagger † is the linear operator on
Ω∗(X,C) that oinides with the usual omplex onjugation on Ω1(X,C)
and satisfying
(α ∧ β)† = β† ∧ α†,
for any elements α and β in Ω∗(X,C). In partiular ω′† = ω′ and if if
I = (i1, ..., iq), then
dzI ∧ dzI† = (dzi1 ∧ dzi1) ∧ · · · ∧ (dziq ∧ dziq)
If there is also given a hermitian line bundle L over X, then the squared







α ∧ α† ∧ e−φ+ω′ .
Note that we are abusing notation here: the funtion e−φ representing
the ber metri on L is only dened loally and α ∧ α† is a (q, q)− form
with values in L ⊗ L and may not be anonially integrated. However,
the ombination α ∧ α† ∧ e−φ yields a well-dened global (q, q)−form on
X. When X is Cn with its standard Eulidean metri form ωand L is
the line bundle with onstant positive urvature ω′, the exponent in the
norm above, is equal to ∑
i
(−zizi + dzi ∧ dzi)
and from the point of view of super manifolds the orresponding Hilbert
spae is the spae of super funtions on Cn|n that are holomorphi in the
even variables and anti-holomorphi in the odd variables.
3.2. The diretion form χq,q. Fix a point x in X(q). Using the metri
ω we an identify the urvature two-form ∂∂φx at x with a hermitian en-
domorphism of the ber over x of the holomorphi tangentbundle TX1,0
in the usual way [12℄. By the denition of X(q), ∂∂φ has preisely q
negative eigenvalues at x and we denote the omplex subspae spanned
by the orresponding eigenvetors by V (q)x.
2
This denes a subbundle
V (q) of TX1,0over X(q). Denote the orresponding inlusion map by i
and let π be the orthogonal projetion of TX1,0 onto V (q). On X(q) we
dene the diretion form χq,q by
χq,q := π∗i∗ω′q
and extend it by zero to all of X. Loally, χq,q an be expressed in the
following way on X(q). Let (ei) be a loal orthormal frame of TX
1,0
suh
that e1, ..., eq is a loal frame for V (q) and denote by e
i
the dual (1, 0)−
forms. Then
(3.11) χq,q := eI0 ∧ eI0†
2
In the usual real Morse theory the spae V (q)x orresponds to the linearization
of the unstable manifold at a ritial point.
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In the sequel, when working with loal frames over X(q), we will assume
that e1, ..., eq are as above. Given a a form f in Ω








χq,q(x) ∧ f(x) ∧ eω′(x),
whih is just a ompat way of saying that on X(q) fχ is a sum of f
0,0
and
all oeients fJJ suh that J
⋂
I0 = ∅,where fIJ denotes omponents
of the form f with repet to the loal base elements eI ∧ eJ†.
One nal remark: in the notation of the previous setion one an think
of χq,q as a ut-o funtion on the super manifold Xn|n.
4. Bergman kernels and Toeplitz operators
Let (ψi) be an orthormal base for a nite dimensional Hilbert spae
H0,q of (0, q)− forms with values in L.Denote by π1 and π2 the projetions
on the fators of X ×X. The Bergman kernel form of the Hilbert spae





Hene, K(x, y) is a form on X × X with values in the pulled bak line
bundle π∗1(L) ⊗ π∗2(L). For a xed point y we identify Ky(x) := K(x, y)
with a (0, q)−form with values in L⊗Ω0,q(X,L)y. The denition of K is
made so that K satises the following reproduing property:






α ∧K†y ∧ e−φ+ω
′
for any element α in H0,q. The restrition of K to the diagonal an be
identied with a (q, q)−form on X with values in L ⊗ L. The Bergman





and it is a globally well-dened (q, q)−form onX. Note that the Bergman
funtion B is the trae of Bq, i.e.
Bωn = cn,qB ∧ ωn−q.
For a given form α in Ω0,q(X,L) and a deomposable form θ in Ω0,q(X)x
of unit norm, let αθ(x) denote the element of Ω
0,0(X,L)x dened as
αθ(x) = 〈α, θ〉x
where the salar produt takes values in Lx. We all αθ(x) the value of α
at the point x, in the diretion θ. Similarly, let Bθ(x) denote the funtion
obtained by replaing 4.2 by the sum of the squared pointwise norms of
ψi,θ(x). Then Bθ(x) has the following useful extremal property:




where the supremum is taken over all elements α in Hq of unit norm.
An element α realizing the supremum will be refered to as an extremal
form for the spae H0,q at the point x, in the diretion θ. The reproduing
formula 4.1 may now be written as
(4.4) αθ(y) = (α,Ky,θ)
and we have the following extremal haraterization of the Bergman ker-
nel (whih also gives 4.3).
Lemma 4.1. Let α be an an extremal at the point x in the normalized
diretion θ. Then
|Kx,θ(y)|2 = |α(y)|2Bθ(x)
Proof. Fix the point x and the form θ in Λn−q,0(X)x and take frames
around x suh that θ = eI .Then the pair (x, θ) determines a funtional
on Hq :
α 7→ αI(x) .







α ∧Kx,I ∧ e−φ+ω′ = (α,Kx,I)




i (x)ψi is an element of Hq.





By the reproduing property 4.4 Kx,I/ ‖Kx,I‖ is an extremal at the point
x in the diretion eI . This means that if α is another extremal at the
point x in the diretion eI then
|α(y)|2 = |Kx,I(y)/ ‖Kx,I‖|2 ,
The previous equality may be written as
(4.5) BI(x, x) |α(y)|2 = |Kx,I(y)|2 e−φ(x),
sine the reproduing property 4.4 shows that ‖Kx,I‖2 = KII(x, x) and
by denition KII(x, x)e
−φ(x) := BI(x). This proves the lemma. 




of Ω∗(X,C). For an element f in Ω(0)(X,C), we dene Tf , the so alled
super Toeplitz operator with form symbol f, by
















f ∧ α ∧ β† ∧ e−φ+ω′
for all elements α and β of Hq. Note that the operator Tf is hermitian
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dened by †,i.e. if f † = f. This means that if f is real-valued in the usual
sense i.e. f is an element of Ω∗(X,R), then imTf is hermitian for some
integer m. In the following we will only onsider symbols f that are real
with respet to †.
When studying asymptoti properties of Lk, all objets introdued
above will be dened with respet to the line bundle Lk.
Remark 4.2. The term super Toeplitz operator was used in [3℄ in a losely
related ontext. However, the most natural global setting orresponding
to [3℄ is obtained by taking the sequene of Hilbert spaes to be the
spaes H∗,0(X,Lk), i.e the diret sum of all harmoni (q, 0)−forms with
values in Lk, where q = 0, 1, ..n and where L is a positive line bundle.
Then H∗,0(X,Lk) is atually the spae of all holomorphi forms with
values in Lk. In partiular, the spae Hq,0(X,Lk) may be written as
H0(X,Lk ⊗ Eq), where Eq is a holomorphi vetor bundle, so that the
analysis for the orresponding Bergman kernels is redued to the situation
studied in part 1 (twisting with a xed vetor bundle has only minor
eets on the analysis).
5. Asymptoti results for Bergman kernels and Toeplitz
operators.
The next theorem generalizes the bound 2.3 in part 1 to low-energy
forms on X, i.e. elements of Hq≤νk(X,Lk). It is a rened formulation of
the loal weak holomorphi Morse inequalities obtained in [1℄.
Theorem 5.1. Fix a point x in X and a diretion form θ in Λ0,q(X)x.




















Proof. In the statement of the theorem onerning loal holomorphi
Morse inequalities in [1℄ the global norm ‖αk‖2X was onsidered. However,
the proof given there atually yields the stronger statement involving
‖αk‖2BRk . An outline of the argument is as follows. It is enough to prove
the statement for θ = eI . Consider the restrition of the normalized form







and extend it by zero to a form on all of Cn. In [1℄ it was shown that one
may assume that the sequene β(k)(z) tends to a form β weakly in L2(Cn).
Moreover, the sequene onvergenes uniformly with all derivatives on the
the unit ball. This entails that β is harmoni with respet to the ber




∣∣∣β(k)I (0)∣∣∣2 / ∥∥β(k)∥∥2Blnk(0) ≤ |βI(0)|2 / ‖β‖2Cn
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where we have used that ‖β‖2
Cn
≤ lim sup ∥∥β(k)∥∥2
Blnk(0)
thanks to the
weak L2− onvergene in Cn. In [1℄ the right hand side was shown to
be bounded by π−n
∣∣detω( i2∂∂φ)x∣∣ if I = I0 and equal to zero other-
wise. Sine the limit in the left hand side in 5.1 equals the limit of
k−n
∣∣αIk(x)∣∣2 / ‖αk‖2BRk (x) , this proves the theorem for θ = eI . 
In [1℄ the asymptotis of Bk(x), the trae of the Bergman kernel form
Bk assoiated with the Hilbert spaes Hq≤νk(X,Lk), was dedued from
the previous theorem. In fat, the proof given there atually yields the
asympototis of the Bergman kernel form itself. As in part 1 the on-
vergene holds for the Hilbert spaes Hq(X,Lk) as well, under speial
onditions on the urvature of L.







pointwise. If X(q−1) and X(q+1) are empty than the onvergene holds
in L1(X,ωn) for B
q
k assoiated to the Hilbert spae Hq(X,Lk).
Proof. Using the extremal property 4.3 of Bk, the upper bound follows
immediately from the previous theorem. In partiular k−nBI(x) tends to
zero unless I = I0 (using frames as in setion 3.2). Hene, it is enough to
prove the lower bound for the trae Bk(x) of Bk. But this is ontainded
in the asymptotis 3.9 proved in [1℄ by onstruting a sequene of low-
energy forms that beome suiently large at the point x, when k tends
to innity. The orresponding result for Hq(X,Lk) follows just as in the
proof of theorem 2.1 in part 1, now using proposition 3.2. 
The following orollary is obtained just as in part 1:
Corollary 5.3. Let Tf be the super Toeplitz operator on the Hilbert spae











∣∣∣∣ ∧ eω′ .





If X(q − 1) and X(q + 1) are empty then the orresponding result holds
for the Hilbert spae Hq(X,Lk).
Now we an give the weak onvergene of the Bergman kernel stated
in an invariant way.
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Theorem 5.4. Let Kk be the Bergman kernel form of the Hilbert spae









where Φk(x, y) = −kφ(x)− kφ(y)+ω′(x)+ω′(y). If X(q− 1) and X(q+
1) are empty then the orresponding result holds for the Hilbert spaes
Hq(X,Lk).
Proof. Let us rst assume that the Hilbert spae isHq≤νk(X,Lk). Consider
a subset U×V ofX, where U and V are open sets inX(q) with assoiated
loal frames eIU and e
J
V . By using a partition of unity it is enough to
prove the onvergene with X × X replaed by U × V for any suh
produt. Moreover, by linearity we may assume that f(x) = F (x)eL,L(x)
and g(y) = G(y)eM,M(y), where F and G are funtions and eI,I is an
abrevations for eI ∧ eI†. Note that fχ is equal to F if L
⋂
I0 is empty and
vanishes otherwise. Using the speial form of f and g, the integral 5.2






F (x)G(y) |KIJ(x, y)|2 e−kφ(x)−kφ(y)ωn(x) ∧ ωn(y),











|KIJ(x, y)|2 e−kφ(x)−kφ(y)ωn(x) ∧ ωn(y) = 0,
unless U × V is ontained in X(q) × X(q) and (I, J) = (I0, J0) for the
speial indies related to the diretion form χq,q as in 3.11. To see this,
assume for example that U is in the omplement of X(q) or I 6= I0 on U.






|KIJ(x, y)|2 e−kφ(x)−kφ(y)ωn(x) ∧ ωn(y),
Note that the latter integral may be written as the integral of ‖Kx,J‖2 e−kφ(x)
over all x in U. Now, by the reproduing property 4.4 this integral equals∫
U
BIωn, whih vanishes if U is in the omplement of X(q) or I 6= I0, by







fχ(x)gχ(y) |KI0J0(x, y)|2 e−kφ(x)−kφ(y)ωn(x) ∧ ωn(y).
Hene to prove the theorem it is is enough to show that if U × V is















for any test funtion h(x, y), integrating with respet to e−kφ(x)−kφ(y)ωn(x)∧
ωn(y) in the left hand side (using 5.4 again). To this end, reall the re-
lation between K and an extremal α at the point x in the diretion eI0 :∑
J
|KI0J(x, y)|2 e−kφ(x)−kφ(y) = |α(y)|2 e−kφ(y)BI0(x),
given in lemma 4.1. Now the proof of 5.5, just as the proof of theorem
2.4, is based on the observation that a sequene of extremals αk at the














and by theorem 5.1
(5.8) lim sup k−n
∣∣αI0k (x)∣∣2 e−kφ(x)/ ‖α‖2BRk (x) ≤ π−n
∣∣∣∣detω( i2∂∂φ)x
∣∣∣∣ .
Now 5.6 follows from 5.7 together with 5.8 just as in the proof of theorem





onsidered as a funtion of y beomes loalized lose to y = x,when k rw
Finally, assume that X(q−1) and X(q+1) are empty and onsider the
Hilbert spae Hq(X,Lk). Using the L1−onvergene in 3.9 one sees that
5.6 holds almost everywhere on X for a subsequene of (αk). As in the
proof of theorem 2.4 this is enough to prove the onvergene of K(x, y)
stated in the theorem. 
To formulate the onvergene in terms of the loal matrix elements of
the Bergman kernel, let eI be a loal frame as in setion 3.2 on the open




k−n |KIJ(x, y)|2 e−kφ(x)−kφ(y) = δ(x−y)δIJ1X(q)(x)1q(I)π−n
∣∣∣∣detω( i2∂∂φ)x
∣∣∣∣
where 1q(I) = 1 if I = I0 and zero otherwise. As in part 1 the onvergene
may also be formulated in terms of (super) Toeplitz operators:
Corollary 5.5. Let Tf and Tg be the super Toeplitz operators on the










If X(q − 1) and X(q + 1) are empty then the orresponding result holds
for the Hilbert spaes Hq(X,Lk).
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f ∧ α ∧ β†e−kφ+ω′.
Choosing α = Tgψ and β = Ψ and and expressing Tf in terms of the




f(x) ∧ g(x) ∧Ψ(x) ∧Kk(x, y) ∧Ψ(y)† ∧ eΦk(x,y),
where Φk(x, y) = −kφ(x)− kφ(y) + ω′(x) + ω′(y). Finally, if we let Ψ be
an orthonormal base element Ψi and sum over all i the orollary follows
from the previous theorem. 
Finally, the following theorem expresses the asymptoti distribution of
the eigenvalues of a super Toeplitz operator in terms of the symbol of
the operator and the urvature of the line bundle L.
Theorem 5.6. Let Tf be the Toeplitz operator with form symbol f on the
Hilbert spae Hq≤νk(X,Lk). Let (τi) be the eigenvalues of Tf and denote






where δτi is the Dira measure entered at τi. Then dξk tends, in the
weak*-topology, to the push forward of the measure (2π)−n(i∂∂φ)n under










for any mesurable funtion a on the real line. If X(q − 1) and X(q +
1) are empty then the orresponding result holds for the Hilbert spaes
Hq(X,Lk).
Proof. As in part 1 we just have to prove the theorem for a equal to the
harateristi funtion of a half interval, i.e. for the ounting funtion of
Tf . Using a partition of unity and the max-min-priniple we may assume
that f is supported in a small open set U and is of the form FeI,I , where
F is a funtion on U. By a omparison argument it is enough to prove
the theorem for F a harateristi funtion 1Ω, just as in the proof of




k−nTrT 2f = lim
k
k−nTrTf .
To this end, observe that for f = 1Ωe
I,I
learly f 2χ = fχ. Hene, orol-
lary 5.5 shows that limk TrT
2
f = limk TrTfχ, whih nally is equal to
limk TrTf , by orollary 5.3. 
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